Coordinated graphs and clique graphs of clique-Helly perfect graphs

Flavia Bonomo^1

Dep. de Computación, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires, Buenos Aires, Argentina. fbonomo@dc.uba.ar

Guillermo Durán^2

Dep. de Ingeniería Industrial, Facultad de Ciencias Físicas y Matemáticas, Universidad de Chile, Santiago, Chile. Fax number: (56) (2) 689-7895. gduran@dii.uchile.cl

Marina Groshaus^1

Dep. de Computación, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires, Buenos Aires, Argentina. groshaus@dc.uba.ar

Abstract

A new class of graphs related to perfect graphs is defined in this work: coordinated graphs. A graph G is coordinated if the cardinality of a maximum set of cliques of H with a common vertex is equal to the cardinality of a minimum partition of the cliques of H into cliqueindependent sets, for every induced subgraph H of G. A graph G is K-perfect when its clique graph K(G) is perfect. The concept of special clique subgraph is defined, which leads us to the notion of c–coordinated graphs (coordination relative to these clique subgraphs). We prove that coordinated graphs are a subclass of perfect graphs and relate K-perfect graphs with c–coordinated graphs. Finally, clique graphs of clique-Helly and hereditary clique-Helly perfect graphs are analyzed.

Key words: clique graphs, clique-Helly graphs, coordinated graphs, hereditary clique-Helly graphs, K-perfect graphs, perfect graphs.

1 Introduction

Let G be a finite undirected graph, V (G) and E(G) the vertex and edge sets of G, respectively. Denote |V (G)| = n. A clique in a graph is a complete subgraph maximal under inclusion. A stable set in a graph is a subset of pairwise non-adjacent vertices of it. The stability number α(G) is the cardinality of a maximum stable set of G. The neighbourhood of a vertex v is the set N(v) consisting of all the vertices which are adjacent to v. The closed neighbourhood of v is N[v] = N(v) ∪ {v}. Let C(G) be the set of cliques of G. Denote |C(G)| = k. Let v and w be vertices of G. Let C((v, w)) and C(v) be the sets of cliques containing the edge (v, w) and the vertex v, respectively. Vertices which belong to exactly one

1Partially supported by UBACyT Grant X184, PICT ANPCyT Grant 11-09112 and PID Conicet Grant 644/98, Argentina and “International Scientific Cooperation Program CONI- CyT/SETCIP”, Chile-Argentina.

2Partially supported by FONDECyT Grant 1030498 and Millennium Science Nucleus “Complex Engineering Systems”, Chile and “International Scientific Cooperation Program CONICyT/SETCIP”, Chile-Argentina.

clique will be called simplicial vertices. A vertex v dominates a vertex w in G if C(w) ⊆ C(v). Two vertices v and w are twins if C(v) = C(w).

The chromatic number of a graph G is the smallest number of colors that can be assigned to the vertices of G in such a way that no two adjacent vertices receive the same color, and is denoted by χ(G). An obvious lower bound is the maximum cardinality of the cliques of G, the clique number of G, denoted by ω(G). Berge [2] proposed to call a graph G perfect whenever χ(H) = ω(H) for every induced subgraph H of G. Perfect graphs are very interesting from an algorithmic point of view. While determining the clique number and the chromatic number of a graph are NP-complete problems, they are solvable in polynomial time for perfect graphs [14]. Besides, it has been proved recently that perfect graphs can be characterized by forbidden subgraphs [6] and recognized in polynomial time [7]. For more background information on perfect graphs see [13].

A clique-transversal of a graph G is a subset of vertices that meets all the cliques of G. A clique-independent set is a collection of pairwise vertex-disjoint cliques. The clique-transversal number and clique-independence number of G, denoted by τ_C (G) and α_C (G), are the sizes of a minimum clique-transversal and a maximum clique-independent set of G, respectively. It is easy to see that τ_C (G) ≥ α_C (G) for any graph G. As it is defined in [15], a graph G is clique-perfect if τ_C (H) = α_C (H) for every induced subgraph H of G.

A family of subsets S satisfies the Helly property when every subfamily of it consisting of pairwise intersecting subsets has a common element. A graph is clique-Helly (CH) when its cliques satisfy the Helly property. A graph G is hereditary clique-Helly (HCH) when H is clique-Helly for every induced subgraph H of G. Both classes of graphs can be recognized in polynomial time [25, 21]. An interesting survey on clique-Helly and hereditary clique-Helly graphs appears in [12].

Let M_1, . . . , M_k and v_1, . . . , v_n be the cliques and vertices of a graph G, respectively. A clique matrix A_G ∈ R^{k×n} of G is a 0-1 matrix whose entry a_{ij} is 1 if v_j ∈ M_i, and 0, otherwise.

Consider a finite family of non-empty sets. The intersection graph of this family is obtained by representing each set by a vertex, two vertices being connected by an edge if and only if the corresponding sets intersect. The clique graph K(G) of G is the intersection graph of the cliques of G. The graph K^2(G) is the clique graph of K(G). A graph G is K-perfect if its clique graph K(G) is perfect.

Let A ∈ R^{r×n} be a 0-1 matrix having no zero columns. The derived graph of A is the intersection graph of its columns, that is, a graph of n vertices v_1, . . . , v_n where v_i is adjacent to v_j if there exists a row l in A such that a_{li} = a_{lj} = 1.

We define a new class of graphs related to perfect graphs: coordinated graphs. Let v be a vertex of a graph G. Denote m(v) = |C(v)|. Let M(G) be the maximum m(v) for any v in G. Let F (G) be the cardinality of a minimum partition of the cliques of G into clique-independent sets, that is, the smallest number of colors that can be assigned to the cliques of G so that intersecting cliques have different colors. Note that F (G) ≥ M(G) for any graph G. We say that a graph G is coordinated if F (H) = M(H), for every induced subgraph H of G.

The concept of special clique subgraph is defined in this work, which leads us to the notion of coordination relative to these clique subgraphs. A graph G is c–coordinated if F (H) = M(H) for every special clique subgraph H of G.

Let H be a class of graphs and K(H) be the class of clique graphs of graphs in H. If K(H) = H, we say that H is fixed under the clique operator K. Clique-Helly and hereditary clique-Helly graphs are classes with this property [11, 21]. Two classes of graphs H and L are dual-clique classes if K(H) = L and K(L) = H. Examples of dual-clique graph classes appear in several works (see [3, 4, 5, 22, 26]).

A characterization for the class of clique graphs was formulated by Roberts and Spencer [23], inspired by a paper of Hamelink [16], but no efficient algorithm is known based on this characterization. In fact, it is an open problem whether or not the problem of recognizing clique graphs is NP-complete. Clique graphs of several classes of graphs have already been studied in the literature: trees [17], interval graphs [18], Helly circular-arc graphs [9], disk-Helly graphs [1], chordal graphs [26], are some of them. An interesting survey on clique graphs can be found in [24].

In this paper, we prove that coordinated graphs are a subclass of perfect graphs. Furthermore, a characterization of HCH K-perfect graphs using clique subgraphs is formulated. Finally, clique graphs of clique-Helly and hereditary clique-Helly perfect graphs are studied. We prove that (hereditary) clique-Helly perfect graphs and (hereditary) clique-Helly K-perfect graphs are dual-clique classes of graphs.

2 Coordinated graphs

Coordinated graphs are perfect graphs. In order to prove this, we need some previous results.

Clearly, C_{2r+1} is not coordinated for r ≥ 2, because M(C_{2r+1}) = 2 while F (C_{2r+1}) = 3.

Let C_n, with n ≥ 5, be the complement of an induced cycle v_1, . . . , v_n, that is, v_i and v_j are adjacent if and only if j ≠ i − 1, i + 1 (from now on, all the indices must be understood modulo n).

We will prove that C_n is not coordinated for n ≥ 5, n ≠ 6. We need some results related to M(C_n) and |C(C_n)| in order to conclude that F (C_n) > M(C_n) for n ≥ 5, n ≠ 6.

Let A_n be the number of sequences [a_1, . . . , a_s] where a_i ∈ {2, 3} and ∑_s i=1 a_i = n. Lemma 2.1 In C_n, there is a one-to-one correspondence between the cliques in the set C(v_i) and the sequences [a_1, . . . , a_s] such that a_j ∈ {2, 3} and ∑_s j=1 a_j = n. Therefore |C(v_i)| = A_n.

Proof: Without loss of generality, suppose i = 1. Let D ∈ C(v_1), D = {v_{i1} , . . . , v_{is} }, 1 = i_1 < · · · < i_s. Given two consecutive vertices v_i, v_{i+1} in C_n, every clique contains at most one of them. So i_{j+1} − i_j ≥ 2 and i_s ≤ n − 1. On the other hand, by maximality, given three consecutive vertices v_i, v_{i+1} and v_{i+2} in C_n, every clique contains at least one of them. So i_{j+1} − i_j ≤ 3 and i_s ≥ n − 2. Then, we can assign to D the sequence

S(D) = [i_2 − i_1, . . . , i_s − i_{s−1}, n + 1 − i_s], where every element is equal to 2 or 3 and its sum is (i_2 − i_1) + · · · + (i_s − i_{s−1}) + (n + 1 − i_s) = n + 1 − i_1 = n.

Conversely, let S = [a_1, . . . , a_s] be a sequence such that a_j ∈ {2, 3} and ∑_s j=1 a_j = n. We can assign to this sequence the set of vertices D(S) = {v_{i1} , . . . , v_{is} } where i_1 = 1 and i_j = i_{j−1} + a_{j−1} for j = 2, . . . , s. To verify that D(S) is a clique, observe that since 1 = i_1 < · · · < i_s, i_{j+1} −i_j = 2 or 3, and i_s ≤ n+1−2 = n−1, there are not two consecutive vertices in D(S). Therefore, D(S) is complete. Let v_i be a vertex different from v_{i1} , . . . , v_{is} . Then, there is an index j such that i_j < i < i_{j+1}, or i_s < i ≤ n. In the first case, as i_{j+1} − i_j = 2 or 3, it follows that i = i_{j+1} − 1 or i = i_j + 1. In the second case, as i_s ≥ n + 1 − 3 = n − 2, then i = i_s + 1 or i = n. In both cases, D(S) ∪ {v_i} does not induce a complete subgraph. Then, D(S) induces a complete maximal subgraph.

Finally, observe that this correspondences are dual, that means D(S(D)) = D and S(D(S)) = S. Therefore, |C(v_i)| = A_n.

Lemma 2.2 In C_n, there is a one-to-one correspondence between the cliques in the set C((v_i, v_{i+3})) and the sequences [a_1, . . . , a_s] such that a_j ∈ {2, 3} and ∑_s j=1 a_j = n − 3. As a consequence, |C_{(vi,vi+3 )}| = A_{n−3}.

Proof: Without loss of generality, we can assume that i = 1. Consider the assignment of sequences in the proof of Lemma 2.1. Let D ∈ C(v_1). Then D ∈ C((v_1, v_4)) if and only if a_1 = 3 in S(D), otherwise a_1 = 2 and v_3 ∈ D, which would imply that v_4 ∉ D, which is a contradiction. Then, there is a one-to-one correspondence between the cliques in the set C((v_i, v_{i+3})) and the sequences [a_1, . . . , a_s] such that a_j ∈ {2, 3}, a_1 = 3 and ∑_s j=1 a_j = n, or equivalently, the sequences [a_1, . . . , a_t] such that a_j ∈ {2, 3} and ∑_t j=1 a_j = n − 3. Therefore, |C_{(vi ,vi+3)}| = A_{n−3}.

Theorem 2.1 M(C_n) = A_n and |C(C_n)| = 2A_n + A_{n−3}.

Proof: By lemma 2.1, for every i = 1, . . . , n it holds that m_{Cn} (v_i) = |C(v_i)| = A_n. Then M(C_n) = A_n. Since the set of cliques of C_n is the disjoint union of C((v_i, v_{i+3})), C(v_{i+1}) and C(v_{i+2}), the fact that |C(C_n)| = 2A_n + A_{n−3} follows directly from Lemma 2.1 and Lemma 2.2.

Clearly, the following lemma holds.

Lemma 2.3 Let P be a partition of the cliques of C_n into clique-independent sets. Every clique of C(v_i) whose assigned sequence has a_j = 2 for some j, belongs to a set of cardinality at most 2 in P.

Using this facts, this theorem can be proved.

Theorem 2.2 The graph C_n is not coordinated for n ≥ 5, n ≠ 6.

Proof: Let us see that for n ≥ 5, n ≠ 6, F (C_n) > M(C_n). Let P be a minimum partition of the cliques of C_n into clique-independent sets. Let D be a clique in C(v_i) and [a_1, . . . , a_s] be the sequence associated to D given by Lemma 2.1.

If n is not a multiple of 3, there must be some index j such that a_j = 2. As we observed before, the subset of the partition P that contains the clique D has at most one more clique. Since D is an arbitrary clique, we conclude that the cardinality of every set in the partition is at most 2. Then, it holds: F (C_n) = |P| ≥ |C(C_n)| 2 = 2A_n + A_{n−3} 2 > A_n = M(C_n), for n ≥ 5, A_{n−3} > 0.

If n = 3t, where t ≥ 3, then there are exactly three cliques in C_n that can be represented with sequences such that a_j = 3 for every j: M_1 = {v_1, v_4, . . . , v_{n−2}}, M_2 = {v_2, v_5, . . . , v_{n−1}} and M_3 = {v_3, v_6, . . . , v_n}. This means that there is at most one set of three independent cliques in the partition P, and the cardinality of the other sets must be at most two. Using the fact that A_{3t−3} > 1 for t ≥ 3, we obtain: F (C_{3t}) = |P| ≥ |C(C_{3t})| − 1 2 = 2A_{3t} + A_{3t−3} − 1 2 > A_{3t} = M(C_{3t})

Corollary 2.1 Coordinated graphs are perfect graphs.

Proof: It is a direct consequence of the fact that C_{2r+1} is not coordinated for r ≥ 2, Theorem 2.2, and the Strong Perfect Graph Theorem [6], which claims that a graph is perfect if and only if it contains neither an induced odd cycle of length at least five nor its complement.

From the proof of Theorem 2.2 it follows that, for n ≥ 5, F (C_n) − M(C_n) ≥ A_{n−3} − 1 2 , and since {A_n}_{n≥0} grows in an exponential way, the family {C_n}_{n≥7} turns to be a family of highly non-coordinated graphs (the difference between F (G) and M(G) can be arbitrarily large).

In this sense, this family is similar to the family of highly imperfect graphs presented by Mycielski [20], and to the family of highly clique-imperfect graphs presented in [10], where the differences between χ(G) and ω(G), and between τ_C (G) and α_C (G) respectively, can be arbitrarily large.

3 K-perfect graphs

Coordinated graphs and K-perfect graphs are related by the following theorem.

Theorem 3.1 Let G be a graph. Then:

(i) F (G) = χ(K(G)).

(ii) M(G) ≤ ω(K(G)).

(iii) If G is clique-Helly then M(G) = ω(K(G)).

Proof:

(i) Let F_1, . . . , F_{F (G)} be a partition of the cliques of G into clique-indepen-dent sets. This partition induces a partition of the vertices of K(G) into stable sets, which gives a coloring for K(G). Then, χ(K(G)) ≤ F (G). Analogously, let F^′_1, . . . , F^′_{χ(K(G))} be the partition of the vertices of K(G) into stable sets induced by an optimal coloring of K(G). Considering the vertices of K(G) as cliques in G, we obtain a partition of the cliques of G into clique-independent sets. Then F (G) ≤ χ(K(G)).

(ii) Observe that m(v) ≤ ω(K(G)), ∀v ∈ V (G), since all the vertices that correspond to the m(v) cliques containing v induce a complete subgraph in K(G). In particular, M(G) ≤ ω(K(G)).

(iii) We only need to prove that if G is clique-Helly, then ω(K(G)) ≤ M(G).

Let L be a maximum clique of K(G) and M_1, . . . , M_r be the cliques of G that correspond to the vertices of L. Since G is a clique-Helly graph, there is at least one vertex v_L in G which belongs to the intersection of all the r cliques. So, it is easy to see that M(G) ≥ m(v_L) = ω(K(G)).

Let G be a graph, {M_1, . . . , M_k} be the cliques of G, and {i_1, . . . , i_s} be a subset of {1, . . . , k}. The graph G_{i1 ,...,is} , formed by the vertices and edges of M_{i1} , . . . , M_{is} , is a clique subgraph of G. We say that G_{i1 ,...,is} is a special clique subgraph of G if all the cliques of G_{i1 ,...,is} are cliques of G, and that the graph G is cliqual if, for every subset {i_1, . . . , i_s} of {1, . . . , k}, the cliques of G_{i1 ,...,is} are exactly M_{i1} , . . . , M_{is} . Clearly, if the graph G is cliqual, every clique subgraph is special.

Theorem 3.2 Let G be a graph. Every clique subgraph of G is an induced subgraph of G if and only if G does not have either P_4 or C_4 as induced subgraph (Figure 1).

Figure 1: P4 and C4.

Proof: ⇒) Suppose that either P_4 or C_4 is an induced subgraph of G. As we can observe in Figure 2, the edge (v, w^′) belongs to a clique M_i and the edge (v^′, w) belongs to a clique M_j . Clearly, G_{i,j} is a clique subgraph of G with the edge (v, w) missing. Then G has a clique subgraph which is not induced.

⇐) Suppose G has a clique subgraph H which is not induced. That means there exists an edge (v, w) which belongs to E(G) but not to E(H), with v and w belonging to V (H). Then, there must be a clique M_i of G containing v but not w, and a clique M_j of G containing w but not v.

As the vertex w does not belong to M_i but is adjacent to v in G, there must be a vertex w^′ in M_i such that (w, w^′) is not in E(G). Analogously, there exists a vertex v^′ in M_j , with (v, v^′) not in E(G). Finally, either (v^′, w^′) ∈ E(G) and v^′, w, v, w^′ induce the graph C_4, or v^′, w, v, w^′ induce the graph P_4.

Figure 2: A clique subgraph of G which is not induced.

Remark 3.1 Graphs which do not have either P_4 or C_4 as induced subgraphs are called trivially perfect graphs [13].

Our next result relates hereditary clique-Helly graphs to cliqual graphs. The following characterization of hereditary clique-Helly graphs given by Prisner is needed [21].

Theorem 3.3 A graph G is hereditary clique-Helly if and only if it does not contain the following graphs as induced subgraphs:

Figure 3: Hajös graphs.

Theorem 3.4 Let G be a graph. Then G is cliqual if and only if G is an hereditary clique-Helly graph.

Proof: ⇒) By Theorem 3.3, if G is not hereditary clique-Helly, it must contain any of the following graphs as an induced subgraph:

Figure 4: Forbidden subgraphs for hereditary clique-Helly graphs.

Then, there exist three cliques in G, M_{i1} , M_{i2} and M_{i3} , containing triangles T_1, T_2 and T_3, respectively. It is clear that T_4 is included in none of them. We can see that the subgraph G_{i1 ,i2 ,i3} contains T_4. This complete subgraph belongs to a clique in G_{i1 ,i2,i3} which is different from M_{i1} , M_{i2} and M_{i3} . Then G is not cliqual.

⇐) Suppose that G is not cliqual. This means that there exist a set of indices {i_1, . . . , i_s} such that the set of cliques of the subgraph G_{i1 ,...,is} properly includes the cliques M_{i1} , . . . , M_{is} . Let H = G_{i1 ,...,is} and F = {M_{i1} , . . . , M_{is} }. Let M be a clique of H not belonging to F and m = |M|. Consider the set A = {j : 1 ≤ j ≤ m/ ∀U ⊆ M, |U| = j, U is covered by a clique of F}. Since every vertex of H belongs to some clique of F, A is bounded and not empty. Let r = max_j {j ∈ A}. Observe that, as every subset of M with cardinality two is an edge of H contained in some clique of F, r ≥ 2. Also, it holds that r < m, otherwise the clique M would be covered by a clique of F, which leads to a contradiction. Then there exist some subset R ⊆ M of cardinality r + 1 which cannot be covered by any clique of F. As r + 1 ≥ 3, let u, v and w be three different vertices of R. As r ∈ A, R − {u} is covered by a clique M_u of F. Clearly, u /∈ M_u, otherwise R would be covered by a clique of F, which is a contradiction. This means that there is a vertex u^′ ∈ M_u which is not adjacent to u in G. Analogously, R − {v} is covered by a clique M_v of F such that v /∈ M_v, R − {w} is covered by a clique M_w of F with w /∈ M_w, and there are two vertices v^′ ∈ M_v and w^′ ∈ M_w which are not adjacent in G to v and w, respectively.

Figure 5: Scheme of adjacency relations between vertices u, v, w, u^′, v^′ and w^′.

Finally, u, v, w, u^′, v^′ and w^′, depending on whether u^′, v^′ and w^′ are adjacent in G or not (as it can be seen in Figure 5), induce in G some of the forbidden subgraphs for hereditary clique-Helly graphs, according to Theorem 3.3.

A property is clique-hereditary when, if it holds for G, it holds for every clique subgraph of G. Note that the clique-Helly property and the cliqual property are clique-hereditary. Being equivalent to the hereditary clique-Helly property, the cliqual property is also hereditary.

Special clique subgraphs of G and induced subgraphs of K(G) are related. The following theorem enables to relate c–coordinated graphs to K-perfect graphs.

Theorem 3.5 Let G be a graph:

(i) If H is a special clique subgraph of G, then K(H) is an induced subgraph of K(G).

(ii) If G is an hereditary clique-Helly graph, then every induced subgraph of K(G) is the clique graph of a special clique subgraph of G.

Proof:

(i) Let H be a special clique subgraph of G and M_{i1} , . . . , M_{ir} be its cliques.

Since they are cliques of G, let U be the subgraph of K(G) induced by their corresponding vertices w_{i1} , . . . , w_{ir} . Then w_{ij} is adjacent to w_{ij′} in U if and only if M_{ij} intersects M_{ij′} in G, if and only if M_{ij} intersects M_{ij′} in H. So U is isomorphic to K(H).

(ii) Let U be an induced subgraph of K(G) and w_{i1} , . . . , w_{is} be its vertices.

Let M_{i1} , . . . , M_{is} be the cliques of G that correspond to those vertices.

Consider the subgraph G_{i1 ,...,is} . As G is hereditary clique-Helly, by theorem 3.4, G is cliqual. Thus, the cliques of G_{i1 ,...,is} are exactly M_{i1} , . . . , M_{is} and G_{i1 ,...,is} is a special clique subgraph. Analogously to the proof of item (i), it follows that U is isomorphic to K(G_{i1 ,...,is} ).

Theorem 3.6 Let G be a clique-Helly K-perfect graph. Then G is c–coordinated.

Proof: Let H be a special clique subgraph of G. As the clique-Helly property is clique-hereditary, H is clique-Helly. By Theorem 3.5, K(H) is an induced subgraph of K(G) and thus, K(H) is perfect. By Theorem 3.1, we conclude that M(H) = F (H).

Remark 3.2 If G is not a clique-Helly graph but a K-perfect graph, then it still holds that, for every special clique subgraph H of G, F (H) is equal to the maximum number of pairwise intersecting cliques in H.

Corollary 3.1 Let G be a perfect clique-Helly graph. Then K(G) is c–coordinated.

Proof: If G is a clique-Helly graph, K(G) is clique-Helly and K^2(G) is an induced subgraph of G [11]. Then, if G is perfect, K^2(G) is perfect too. So K(G) is K-perfect and clique-Helly, and by Theorem 3.6, K(G) is c–coordinated.

Corollary 3.2 If G is K-perfect and clique-Helly, then the induced subgraph of G obtained by identifying twin vertices and then removing dominated vertices is c–coordinated.

Proof: If G is clique-Helly, then K^2(G) is the induced subgraph of G obtained identifying twin vertices and then removing dominated vertices [11]. Corollary 3.1 completes the proof.

Now, we are able to characterize hereditary clique-Helly K-perfect graphs by clique subgraphs.

Theorem 3.7 Let G be an hereditary clique-Helly graph. Then the following statements are equivalent:

(i) G is K-perfect.

(ii) G is c–coordinated.

(iii) |C(H)| ≤ α_C (H)M(H) for every clique subgraph H of G.

Proof: By Theorem 3.6, item (i) implies item (ii).

(ii) ⇒ (i) Let U be an induced subgraph of K(G). By Theorem 3.5, there exists a clique subgraph H of G such that K(H) = U. As G is c–coordinated, F (H) = M(H). By hypothesis, G is hereditary clique-Helly and therefore, H is hereditary clique-Helly too. Theorem 3.1 implies that χ(U) = ω(U).

(i) ⇒ (iii) By the Perfect Graph Theorem [19], a graph G is perfect if and only if, for every induced subgraph H of G, |V (H)| ≤ α(H)ω(H). Let H be a clique subgraph of G. By Theorem 3.5, K(H) is an induced subgraph of K(G). As K(G) is perfect, |V (K(H))| ≤ α(K(H))ω(K(H)). By Theorem 3.1 ω(K(H)) = M(H), and since |V (K(H))| = |C(H)| and α(K(H)) = α_C (H), it follows that |C(H)| ≤ α_C (H)M(H).

(iii) ⇒ (i) Let U be an induced subgraph of K(G). By Theorem 3.5, there exists a clique subgraph H of G such that K(H) = U. Then, by Theorem 3.1 ω(U) = M(H), and since |V (U)| = |C(H)| and α(U) = α_C (H), it follows that |V (U)| ≤ α(U)ω(U). Therefore, by the Perfect Graph Theorem [19], K(G) is perfect.

4 Clique graphs of clique-Helly perfect graphs

The following theorem due to P.C. Gilmore (see [8]) characterizes clique matrices.

Theorem 4.1 Let A be a 0-1 matrix. Then A is a clique matrix if and only if:

(i) A does not have dominated rows.

(ii) A does not contain zero columns.

(iii) The family of columns of A satisfy the Helly property.

The classes of clique graphs of clique-Helly and hereditary clique-Helly perfect graphs are analyzed.

Consider the graph H(G) as it is defined in [16], where V (H(G)) = {q_1, . . . , q_k, w_1, . . . , w_n}, each q_i corresponds to the clique M_i of G, and each w_i corresponds to the vertex v_i of G. The edges of H(G) are the following: the vertices q_1, . . . , q_k induce the graph K(G), the vertices w_1, . . . , w_n induce a stable set and w_j is adjacent to q_i if and only if v_j belongs to the clique M_i in G.

Let A ∈ R^{n×m} and B ∈ R^{n×k} be two matrices. We define the matrix A | B ∈ R^{n×(m+k)} as (A | B)(i, j) = A(i, j) for i = 1, . . . , n, j = 1, . . . , m and (A | B)(i, m + j) = B(i, j) for i = 1, . . . , n, j = 1, . . . , k. Let I_n be the n × n identity matrix.

Theorem 4.2 [16] Let G be a clique-Helly graph and H(G) as it was defined above. Then the cliques of H(G) are N[w_i] for each i, w_i is a simplicial vertex of H(G) for every i, and K(H(G)) = G.

Corollary 4.1 If G is a clique-Helly graph such that |V (G)| = n, then A_{H(G)} = A^t_G | I_n.

Proof: It follows from the previous theorem and the definition of H(G).

Theorem 4.3 H is an injective operator from CH to CH that maps HCH on HCH and CH \ HCH on CH \ HCH.

Proof: Let G_1 and G_2 be clique-Helly graphs such that H(G_1) = H(G_2). Then, by Theorem 4.2, G_1 = K(H(G_1)) = K(H(G_2)) = G_2.

Let G be a clique-Helly graph. Then A_{H(G)} = A^t_G | I_n is a clique matrix of H(G). Observe that a family of rows {i_1, . . . , i_s} of A_{H(G)} has a common intersection if and only if the family of columns {i_1, . . . , i_s} of A_G has a common intersection. Since, by Theorem 4.1, the columns of A_G verify the Helly property, then the rows of A_{H(G)} verify the Helly property too. Therefore, H(G) is a clique-Helly graph.

Now, let G be an hereditary clique-Helly graph. Then A_{H(G)} = A^t_G | I_n is a clique matrix of H(G). A graph is HCH if and only if its clique matrix does not contain a vertex-edge incidence matrix of a triangle as a submatrix [21]. Suppose that A_{H(G)} contains a vertex-edge incidence matrix B of a triangle as a submatrix. Since B has two 1’s by column, it follows that B must be a submatrix of A^t_G, and then B^t is a submatrix of A_G, which is a contradiction, because G is an HCH graph. Hence, H(G) is an HCH graph.

If G ∈ CH \HCH, then A_G contains a vertex-edge incidence matrix of a triangle as a submatrix and, in consequence, one of these matrices is contained by A_{H(G)} too. Therefore, H(G) ∈ CH \ HCH.

Lemma 4.1 Let G be a graph and v be a vertex of G such that N[v] induces a complete subgraph in G. Then G is perfect if and only if G − {v} is perfect.

Proof:

⇒) G − {v} is an induced subgraph of G, and therefore is perfect.

⇐) Let H be an induced subgraph of G. If v does not belong to H, then H is an induced subgraph of G − {v} and therefore ω(H) = χ(H). If v belongs to H, H − {v} is an induced subgraph of G − {v} and then ω(H − {v}) = χ(H − {v}). The neighbourhood of v in H is complete, so |N(v)| ≤ ω(H − {v}). There are two possible cases:

· If |N(v)| < ω(H −{v}), then ω(H) = ω(H −{v}) and any optimal coloring of H − {v} can be extended to an optimal coloring of H with the same number of colors. Hence, χ(H) = χ(H − {v}) = ω(H − {v}) = ω(H).

· If |N(v)| = ω(H − {v}), then ω(H) = ω(H − {v}) + 1 and any optimal coloring of H − {v} can be extended to an optimal coloring of H giving to v a new color, and so χ(H) = χ(H − {v}) + 1 = ω(H − {v}) + 1 = ω(H).

Theorem 4.4 Let G be a graph. G is K-perfect if and only if H(G) is perfect.

Proof: Let G be a graph and G_0 = H(G) as it was defined, where V (H(G)) = {q_1, . . . , q_k, w_1, . . . , w_n}, the vertices q_1, . . . , q_k induce the graph K(G), the vertices w_1, . . . , w_n induce a stable set and w_j is adjacent to q_i if and only if v_j belongs to the clique M_i in G. We define G_1 = G_0 − {w_1}, . . . , G_n = G_{n−1} − {w_n} = K(G). By Theorem 4.2, for every 1 ≤ i ≤ n, N[w_i] is complete in G_{i−1}. So by Lemma 4.1, for every 1 ≤ i ≤ n, G_i is perfect if and only if G_{i−1} is perfect. Therefore H(G) = G_0 is perfect if and only if G_n = K(G) is perfect.

Lemma 4.2 Let H be a class of graphs and let L be a class of clique-Helly graphs such that:

(i) If G belongs to H then K(G) belongs to L.

(ii) If F belongs to L then H(F ) belongs to H.

Then K(H) = L.

Proof: Item (i) implies that K(H) ⊆ L. On the other hand, let F be a graph in L. By item (ii), H(F ) belongs to H. And since F is a clique-Helly graph, by Theorem 4.2 K(H(F )) = F . Therefore, L ⊆ K(H), which completes the proof.

Now, we can prove the main results of this section.

Theorem 4.5 The classes clique-Helly perfect and clique-Helly K-perfect are dual-clique classes of graphs.

Proof: Let H be the class of clique-Helly perfect graphs and L be the class of clique-Helly K-perfect graphs. Let G ∈ H. Then K(G) is clique-Helly and K^2(G) is an induced subgraph of G [11], so K(G) ∈ L. By Theorems 4.4 and 4.3, if F ∈ L then H(F ) ∈ H. Therefore, by Lemma 4.2, K(H) = L.

It follows immediately that if G ∈ L then K(G) ∈ H. By Theorem 4.3, if F ∈ H then H(F ) is clique-Helly and since K(H(F )) = F , it follows that H(F ) ∈ L. Hence, by Lemma 4.2, K(L) = H.

Figure 6: Dual-clique classes HCH perfect and HCH c-coordinated.

Theorem 4.6 The classes HCH perfect and HCH K-perfect are dual-clique classes of graphs.

Proof: It is analogous to the proof of Theorem 4.5 replacing clique-Helly for HCH. This theorem and the partial characterization of K-perfect graphs (Theorem 3.7) imply the following corollary.

Corollary 4.2 The classes HCH perfect and HCH c-coordinated are dualclique classes of graphs.

Acknowledgement: To the anonymous referee for his/her valuable suggestions which improved this work.

References

[1] H. Bandelt and E. Prisner, Clique Graphs and Helly Graphs, Journal of Combinatorial Theory, Series B 51 (1991), 34–45.

[2] C. Berge, Les problemes de colorations en théorie des graphes, Publications de l’Institut de Statistique de l’Université de Paris 9 (1960), 123–160.

[3] F. Bonomo, G. Durán, M. Lin and J. Szwarcfiter, On Balanced Graphs, Mathematical Programming, to appear.

[4] C. Bornstein and J. Szwarcfiter, On clique convergent graphs, Graphs and Combinatorics 11 (1995), 213–220.

[5] A. Brandstadt, V. Chepoi, F. Dragan and V. Voloshin, Dually chordal graphs, SIAM Journal on Discrete Mathematics 11 (1999), 437–455.

[6] M. Chudnovsky, N. Robertson, P. Seymour and R. Thomas, The Strong Perfect Graph Theorem, Annals of Mathematics, to appear.

[7] M. Chudnovsky, G. Cornuéjols, X. Liu, P. Seymour and K. Vušković, Recognizing Berge Graphs, Combinatorica, to appear.

[8] G. Cornuéjols, Combinatorial Optimization: Packing and Covering (SIAM, PA, 2001).

[9] G. Durán and M. Lin, Clique graphs of Helly circular-arc graphs, Ars Combinatoria 60 (2001), 255–271.

[10] G. Durán, M. Lin and J. Szwarcfiter, On clique-transversal and cliqueindependent sets, Annals of Operations Research 116 (2002), 71–77.

[11] F. Escalante, Uber iterierte Clique-Graphen, Abhandlungender Mathematischen Seminar der Universität Hamburg 39 (1973), 59–68.

[12] A. Farrugia, Clique-Helly graphs and hereditary clique-Helly graphs, a mini-survey, manuscript.

[13] M. Golumbic, Algorithmic Graph Theory and Perfect Graphs (Academic Press, NY, 1980).

[14] M. Grötschel, L. Lovász and A. Schrijver, The ellipsoid method and its consequences in combinatorial optimization, Combinatorica 1 (1981), 169– 197.

[15] V. Guruswami and C. Pandu Rangan, Algorithmic aspects of cliquetransversal and clique-independent sets, Discrete Applied Mathematics 100 (2000), 183–202.

[16] R. Hamelink, A partial characterization of clique graphs, Journal of Combinatorial Theory, Series B 5 (1968), 192–197.

[17] S. Hedetniemi and P. Slater, Line graphs of triangleless graphs and iterated clique graphs, Lecture Notes in Mathematics 303 (1972), 139–147.

[18] B. Hedman, Clique graphs of time graphs, Journal of Combinatorial Theory, Series B 37 (1984), 270–278.

[19] L. Lovász, A characterization of perfect graphs and the perfect graph conjecture, Journal of Combinatorial Theory, Series B 132 (1972), 95–98.

[20] J. Mycielski, Sur le coloriage des graphs, Colloquium Mathematicum 3 (1955), 161–162.

[21] E. Prisner, Hereditary clique-Helly graphs, The Journal of Combinatorial Mathematics and Combinatorial Computing 14 (1993), 216–220.

[22] E. Prisner and J. Szwarcfiter, Recognizing clique graphs of directed and root path graphs, Discrete Applied Mathematics 94 (1999), 321–328.

[23] F. Roberts and J. Spencer, A characterization of clique graphs, Journal of Combinatorial Theory, Series B 10 (1971), 102–108.

[24] J. Szwarcfiter, A survey on Clique Graphs, In: Recent Advances in Algorithms and Combinatorics, C. Linhares Sales and B. Reed eds. (Springer– Verlag, NY, 2003), 109–136.

[25] J. Szwarcfiter, Recognizing clique-Helly graphs, Ars Combinatoria 45 (1997), 29–32.

[26] J. Szwarcfiter and C. Bornstein, Clique graphs of chordal and path graphs, SIAM Journal on Discrete Mathematics 7 (1994), 331–336.